
Target Measure Diffusion Maps
Goal: Approximate infinitesimal generator L for the
time-reversible dynamics governed by the SDE

(1) dXt = β–1∇ log(μ)(x)dt+
q

2β–1dW

We recall that the generator is given by

(2) L= β–1 (Δ – ∇ log(μ) · ∇) .

Input: Dataset X ⊂M ∼ dρ, target measure μ, ker-
nel bandwidth ε, and kernel matrix

(3) [Kε]ij = exp(ε–1‖xi – xj‖
2
2
) := kε(xi, xj)

Step 1 (Kernel Density estimation):

(4) [M]ij = δijμ(xi) Dε = n–1diag(Kε1)

Step 2 (Target measure renormalization):

(5) Kε,μ = KεD
–1
ε
M1/2

Step 3/Output: Generator:

Dε,μ = n–1diag(Kε,μ1), Pε,μ = D–1
ε,μ

Kε,μ

L(n)
ε,μ

=
I – Pε,μ

ε
(6)

Banisch et al. [1] prove that 4Lε,μ is a Monte
Carlo approximation of L:

(7) 4β–1L(n)
ε,μ

f(x)→ Lf(x) +O(ε) as n→∞

Computing transition rates
Let A,B ⊂ Ω be disjoint closed subsets of M and

NAB(T) the number of transitions from A to B up to

time T. Then using transition path theory (TPT) [3]

the transition rate νAB is given by

νAB = lim
T→∞

T–1NAB(T) =

∫

Ω

‖∇q‖2
2
μ(x)dvol(x)

Here Ω =M \ (A∪B) and q is the committor function

defined by the committor BVP:

(8) Lq = 0, q |∂A= 0, q |∂B= 1

TMD maps can be used as a meshless algorithm

for numerically solving the committor problem

since Lε,μ is a discrete approximation to L:

Lε,μqTMD(x) = 0 qTMD |A∪B= IB
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Sharp estimates for Target Measure Diffusion Maps show that conver-
gence is faster when approximating the generator of an overdamped
Langevin diffusion on its committor function with a quasi-uniform
sampling density:

Let the i.i.d samples X (n), bandwidth ε, and target measure μ be used for constructing the TMD map generator L(n)
ε,μ

. Then for f ∈ C2(M) and large enough

n and small enough ε, with probability greater than 1 – 2n–3 we have:

|4β–1L(n)
ε,μ

f(x)–Lf(x)| =
ε

(2π)d/4
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The expressions for B1,B2, B3 are given by:

B2[f,μ,ρ] := –
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Cancels when ρ is quasi-uniform

B3[f,μ,ρ] :=
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 Cancels when Lf(x) = 0
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Reduces when M is flat

When less is more: Removing points to enhance spatial uniformity (δ-nets) improves the
robustness of diffusion-map based transition rates for conformational changes in molecules!

Data

Metad. 0.0016 0.0109

Metad + delta-net 0.0039 0.0112

True value N/A 0.0114
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Figure: (Left to right)The butane molecule can be e ectively coarse—grained with the dihedral angle in the carbon backbone; is stable around and metastable 

around and the intermediate angles can be sampled using metadynamics, with —net in further uniformizing the distribution; computing using TMD map shows 

that indeed this uniformization aids in improving the estimation of the transition rate and stabilizing it to choice of the bandwidth. 
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Improved accuracy 

and stability to 

The key strategy to obtaining the prefactors is the

expansion of integrals of the form

Kερ(x) :=

∫

M

kε(x,y)ρ(y)dy

We use up to fourth order Taylor expansions of Kε

in normal coordinates [2]:

‖s(u) – s(0)‖2
2
= ‖u‖2

2
+ C

1
x
(u),C1

x
(u) = O(‖u‖4

2
)

dy(u) = 1+ C
2
x
(u),C2

x
(u) = O(‖u‖2

2
)

Using the discrete maximum principle we prove
an error estimate for solutions to Dirichlet BVP’s:

Corollary. There exists a constant C(M) such that

with probability greater than 1 – 2n–2,

‖qTMD(xi) – q(xi)‖∞ ≤ C‖4β
–1L(n)

ε,μ
q –Lq‖∞.
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