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Introduction

We define a Sobolev inner product on the Sierpinski Gasket (SG) and discuss
the properties of the corresponding orthogonal polynomials such as recurrence
relations, finer estimates, and convergence with respect to parameters in the
inner product. Furthermore, we define the Chebyshev polynomials on SG and
find the first two Chebyshev polynomials in each monomial family.

Preliminaries

olet V) ={q0,91, o} € R? and Fi(x) =5(x 4+ ¢q;) for i = 0,1, 2.
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Here lw| = m <= w € {0,1,2}"" and Fyy = F; o ---o F; where

tm

e \We work on the finite graph approximation V;,, = U|w|:m Fu(W)
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Figure 1: V]
o Let u: SG — R. Then the Laplacian A, is defined as

3
Ayu(zr) == lim 5"Apu(z)

2 m—00

e (7:SG x SG — R is called Green’s Function where

~Bu=fLuly, =0 = ul) = [ Glay)fw)ds

SG

e The space of polynomials with degree < j is denoted H
o We use the following basis { P;;.} for H;, where 0 < j <m and k =1,2,3:

A"Pj1(q0) = 0pj0r1
A"0n Pt (q0) = 0o
A"OrP;(q0) = 6;0k3

This is known as the monomial basis.

e Let f and g be polynomials on SG. Then the Generalized Sobolev Inner
Product is defined as follows:

m m—1
(f gy mm =) Az/ Afalgdp+ " gre(Alf, Alg)+
-0 /5G I=0

m—1

A F(qo) A'F(qr) A f(go)] My[A g(g0) Alglqr) Alg(go)]
[=0

Here \;, 8, > 0 and M is a 3 X 3 symmetric positive definite matrix. For most
of our results we use the H' inner product where m = 1 and M = 0.

oFix k=1,20r3andlet M. ={f | f = Z?:O ajPjL,an = 1}. Then the
nth Chebyshev polynomial, 7.,;. is defined to be the polynomial g such
that
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Experimental Results and Applications
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Figure 3: Left to right: First Chebyshev polynomials corresponding to £ =1,2,3

Theoretical results

Recurrence relations

Theorem. Suppose k = 2 or 3. For the Sobolev-m inner product (?7), we have
the following generalized recursion relation for n > —1
2m—1
Snam+1 — Fntm+l — Z an,lSner—l =0
[=0

where
<~'rn—|—m—|—17 Sn+m—l>Hm

a [ — —
" <Sn+m—la Sn+m—l>Hm

G(f)(z) = — /S Gl fly)dy

m
,  Fntm+1 =6 Dni1

and 5; :=01if j <0.
Theorem. Consider the H'-inner product with & = 1 and let {S,,} and {py}
be the corresonding monic Sobolev orthogonal Legendre polynomials respectively.

Additionally, let S_1 := 0, f,12(x) = — [q G(2,y)pp+1(y)dy and suppose that
Onfnia(qo) # 0. Let n > —1. The Sobolev orthogonal polynomials satisfy the

following recurrence relation:

Sn+3 — AnSn+2 — bpSpt1 — cndSn = fn43 + dnfp42
The coefficients are given as follows:

(fn+3 +dnfneo, Sn+2) g
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Convergence properties

Theorem. Suppose k = 2 or 3, and there exists M > 0 such that \; < M for any
[ < m. Then there exists positive constants C] = C(n, 1), Co = Cy(n, pu, M, m)
such that for any n > 0,

m—1
Cy> ) )\1/ (A'Sp)* dp > C
=0 7°C

Co+ Mmllpn—mll3e > 1Salm > C1 + Amllpn—ml3:

Consequently, for any n > 2m + 1, we have
||Sn — 'Fl”LHLQ < C(nv M, m, :u))";il

and lim ||A'S;, — G “u_mllfe — 0 for any 0 < i < m.

Ay —> 00
Theorem. Suppose the normal derivative conjecture is true and k& = 1. Then
there exists a sequence of monic polynomials {g,} " independent of A such
that for any n > 0, degg, = n, Sy converges uniformly in = to g,. And

Ona3 + dpgnio = fpnas + dnfnao for any n > 1. For the basic cases,

d o fo,
g = pPo, 91 = P1, g2 + d—lgl _ f2 i d—lfl . <f2 1flgO>L2

lgol%

Vo fo.
93+ dog2 = f3 +dof2 — <f3 Hﬁijwﬂ
L

lim AY(Sp(N\) — gn) = 0 uniformly in z.
A—00

go, and

gog. Moreover, for any a« < 1, n > 0,

Further Research

1. Interpolation and Quadrature: For which points x1, ... 23,13 is the ma-
trix M,, where

Py1(x1) Py, 3(x1)
Mn — : :

Poa(w3n43) - Pn3(23n43))

invertible? We call M,, the interpolation matrix and the above problem
arises when we attempt to interpolate an n degree polynomial with 3n + 3
distinct points. We have the following lemma:

Lemma 1. For any n > 0, take z; = Féi_w(ql) for1 < ¢ < 2n -+ 2, and

T; = F()(i_Qn_:S)(qQ) for 2n +3 < ¢ < 3n + 3. Then the matrix (?7?) is
invertible.

On the other hand, Si4 has at least 22 zeroes on the left half of SG so if
we picked x1,..., 15 to be any 15 of these points then M4 would not be
invertible. Thus the next question is to characterise those sets for which M,
is invertible. But due to the above lemma we have a quadrature rule ] that
integrates n-harmonic splines exactly. We have the following estimate for the
error:

1) - /S Gf\ < c1fn)s~ UM AGH £

2. Normal derivative conjecture: Let f; = — [¢~G(x,y)pi—1 dx where
pt_1 is the t — 1th Legendre polynomial from the & = 1 family. Is 9), ft(qg) #
07 Values of 9y, ft(qg) # 0 have been verified up to t = 120. We require this

conjecture for the recurrence relation in the £k = 1 case.

3. Computing higher degree Chebyshev polynomials: For the ond Cheby-
shev polynomials of the families £ = 2 and3, we can numerically find that
as = 0.0619339 and a3 = 0.0275013. However, the general form of Cheby-
shev polynomials and their properties such as orthogonality, recursion, and
alternation are still unexplored. [2], [3], [4], [6], [5], [1]
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